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1 Introduction

This paper deals with the model reduction of nonstationary linear parameter-
varying (NLPV) systems. Our interest in LPV models is motivated by the de-
sire to control nonlinear systems along prespecified trajectories. LPV models
arise naturally in such scenarios as a method to capture the possible nonlinear
dynamics, while maintaining a model that is amenable to control synthesis.
Frequently, when pursuing such an LPV formulation, one ends up with models
of relatively large dimension. Accordingly, finding control syntheses for such
models, which usually involves solving a number of linear operator inequalities
as discussed in [5], requires substantial computation. For this reason, develop-
ing a theory that provides systematic methods of approximating such models
is beneficial.

In the paper, we utilize the theory of generalized gramians to define the
notion of balanced realizations for NLPV systems. We also examine the bal-
anced truncation method in detail and derive error bounds for such a reduction
process. The contributions of the paper are as follows:

e generalization of the balanced truncation model reduction procedure to
the class of NLPV systems;

e several results on the worst-case balanced truncation error. These results
when restricted to the purely time-varying case (i.e., no parameters) pro-
vide the least conservative error bounds currently available in the litera-
ture;

e operator theoretic machinery is developed in the context of standard ro-
bust control tools for working with NLPV models.

Our paper deploys a combination of recent work on NLPV models in [5]
and new work on model reduction using balanced truncation for standard
LTV systems in [13,18]. The basic approach is motivated by the work in [1]
on the generalization of balanced truncation to stationary multidimensional
systems, and that in [12] on discrete time model reduction of standard LTI
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systems. The basic approach behind balanced truncation originates in [16],
and the by-now famous error bounds associated with this method in the LTI
case were first demonstrated in [3,11]. The NLPV models used here are the
natural generalization of LPV models, first introduced in [15,17], to the case
of nonstationary systems.

The paper is organized as follows: we begin with a section which establishes
notation and collects some needed definitions; in Section 3 we introduce NLPV
models and discuss two forms of stability; Section 4 provides the balanced
truncation procedure and proves the main results of the paper; we conclude
with a summary statement.

2 Preliminaries

The set of real n x m matrices and that of real symmetric n x n matrices
are denoted by R™ ™ and S™ respectively. The maximum singular value of a
matrix X is denoted by (X).

Given two Hilbert spaces E and F', we denote the space of bounded linear
operators mapping E to F by L(E,F), and shorten this to £(F) when E
equals F. If X is in L(E, F), we denote the E to F' induced norm of X by
| X || g—F; when the spaces involved are obvious, we write simply || X||. The
adjoint of X is written X *. When an operator X € L(F) is self-adjoint, we use
X < 0 to mean it is negative definite; that is there exists a number o > 0 such
that, for all nonzero x € E, the inequality (z, X) < —al|z||? holds, where (-, -)
denotes the inner product and ||-|| denotes the corresponding norm on E. We
use E® F to denote the Hilbert space direct sum of F and F'. If S; is a sequence
of operators, then diag(S;) denotes their block-diagonal augmentation.

The main Hilbert space of interest in this paper is formed from an in-
finite sequence of Euclidean spaces (R™@ ,R"*® R™® ) and is denoted
by Lo(R™O R ), or just ¢o(R™) for short. It is defined as the sub-
space of the Hilbert space direct sum @72 ,R™* consisting of elements z =
(z(0), z(1),z(2),...), with z(k) € R™™® so that ||z]|* = Y7, z(k)*z(k) < cc.
The inner product of z, y in ¢3(R™) is hence defined as the sum (z,y)y, =
> oo x(k)*y(k). If the spatial dimensions n(k) are either evident or irrelevant
to the discussion, then the notation ¢2(R™) is abbreviated to £2. Also, we will
use /(R™) to denote ® (R™™).

A key operator used in the paper is the unilateral shift Z, defined as
follows:

Z: Ay (R R ) — Ly (RO R R™@ )
z
(a(1),a(2),....) Lo (0,a(1),a(2),...).
Clearly this definition is extendable to ¢, and in the sequel, we will not distin-
guish between these mappings. Given a time-varying dimension n(k), we de-

fine the notation I}, := diag(ln), Ina), Ine)s - - -), Where I, is an n(k) x n(k)
identity matrix.
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Following the notation and approach in [2], we make the following defini-
tions. First, we say a bounded linear operator ) mapping £o(R™® R™® )
to Lo(R™@ R™ ) is block-diagonal if there exists a sequence of matrices
Q(k) in RM®>m®) guch that, for all w, z, if z = Qw, then z(k) = Q(k)w(k).
Then @ has the representation diag(Q(0),Q(1),Q(2),...). A diagonal opera-
tor is a block-diagonal operator where each of the matrix blocks is diagonal.

Suppose F', G, R and S are block-diagonal operators, and let A be a
partitioned operator of the form

F G
A= [ i S} .

Then we define the following notation:

, F(0) G(O)} [F(l) (1)} )
Al = dia , R
L4 = e ([500) 50)) - [e1) S0
which we call the diagonal realization of A. Clearly for any given operator

A of this particular structure, [[Aﬂ is simply A with the rows and columns
permuted appropriately so that

A7, = [E®) 6®)
ko |R(k) S(k) ]
From this definition, it is easy to see that [[A + Bﬂ = [[Aﬂ + [[Bﬂ and
[[AC’] = [[Aﬂ [[C] hold for appropriately dimensioned operators, and similarly
that A < GI holds if and only if [[A]] < BI, where 3 is a scalar. Namely, the

[['ﬂ operation is a homomorphism from partitioned operators with block-
diagonal entries to block-diagonal operators.

G
S

3 NLPV Systems

We now briefly review NLPV models. The reader is referred to [5] for an in-
depth treatment of the theory. To start, the NLPV models of this paper are
of the form
x(k+1) = A((k), k)x(k) + B(o(k), k)w(k)
z(k) = C(6(k), k)z(k) + D(6(k), k)w(k),

where A(-,-), B(-,-), C(-,), and D(-,-) are matrix-valued functions that are
known a priori. The variable k is time, and d(k) := (61(k),...,dq(k)) is a
vector of real scalar parameters. In this paper, we are concerned only with
the subclass of NLPV models satisfying the condition that the dependence
of the matrix functions A, B, C, and D on the parameters d; is rational and
given in terms of a feedback coupling. Such models are commonly referred to
as LFT systems and are basically the straightforward generalization of the
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A(k)

G

Fig. 1. The interconnection of G with A(k)

LPV systems first introduced in [15,17]. We now introduce a model of the
said subclass.

Let G be a linear time-varying discrete-time system defined by the follow-
ing state space equation:

2k + 1] [Au(k) Ag(k) Bu(k)] [a(k)
atk) | = |Ap(h) Ap®) B, | [BR)[, @ =0, ()
z(k) Cs(k) Cp(k) D(k) w(k)

for w € f3. The vector-valued signals z(k), a(k), 5(k), z(k), and w(k) are
real and have time-varying dimensions, with the constraint that dim(5(k)) =
dim(a(k)). We denote the dimensions of these signals by ng(k), n(k), n(k),
n.(k), and n,, (k) respectively. We assume that all the state space matrices are
uniformly bounded functions of time. For any scalar sequences 61 (k), ..., dq(k)
and associated dimensions n1(k),...,nq(k) satisfying 2?21 ni(k) = n(k), we
define the diagonal matrix A(k) as

A(k) := diag(61 (k) In, )y - - -5 0a(k) Inyy) € R™PEIXME),

Also, we also constrain d(A(k)) <1 for all k> 0. We will be concerned with
the feedback arrangement in Figure 1, where G’ and A(k) are connected in
feedback. This system can be expressed formally by

] = ) @

where H (k) is given by

= %i(:)) %((,f))} i [/é(%>] Al = Ap(F) AR [/éif((;ff] -

We will refer to the mapping w — 2 in (2) as the system Gs. Hence, G5
is a linear time-varying system with arbitrary rational state-space parameter
dependence formulated in an LFT framework, where the time-varying param-
eters §; act on the system G through the linear fractional feedback channels
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(o, B). We assume Apy, (k) such that Sp = I — Ay, (k)A(k) is invertible for all
k > 0so that the LFT in (3) is well-defined at each time k. This well-posedness
condition guarantees that there are unique solutions in ¢ to (1).

Using the previously defined notation, clearly the matrix sequences Ags(k),
Bs(k), Cs(k), and D(k) from (1) define block-diagonal operators. The blocks
of the matrix A(k) naturally partition «(k) and B(k) into d separate vector-
valued channels, conformably with which we partition the following state space
matrices such that

(AL (k) -+ Ad(k)
App(k) =
| AL () - Age(k)
(AL (k) Bl(k) (4)
Ay (k) By (k)
Aps(k) = | . By(k)=| .
A2, (k) Bl ()

Cp(k) = [Cp(k) CR(k) -+ CH(k)],

where Ai‘p(k) € R+ Xnith) A;}]p(k) € R xnjk) A;)s(k) € Rt xnot)
By (k) € RM®™>mw® and Cf (k) € R™=®*"®) The matrix sequence of each of
the elements of the state space matrices in (4) defines a block-diagonal opera-
tor; and so we construct from the sequence of each of these state space matrices
a partitioned operator, each of whose elements is block-diagonal and defined in
the obvious way. For instance, the matrix sequences Aip(k:), ce Agp(k) define
block-diagonal operators that compose the partitioned operator Ay,. With Z
being the shift, we rewrite our system equations as

x ZAss ZAg, ZBg| |z
al = | Aps Ay By B, (5)
z ¢, C, D w

|:;:| = diag(IZOaAla' "7Ad) |:2:| = |:x:| ’ (6)
where z € ((R™), w € LL,(R™), z € LR"), 8 = (61,...,0a), a =
(ala < '7ad)a 61'; o; € K(Rnl)v and

Ai = diag(0:(0)In; o), 0 (1) In; 1y, 6 (2) s o) - - -)-

Before concluding this section, we make some convenient definitions that
will be used extensively in the sequel. To start, we define Z := diag(Z, I,)
and

Ags A B
A= |""7P| B:=|"°%,C:=[CsCp,l. 7
|: ps App:| |:Bp:| [ p] ( )
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Also, we define £8" ") .= f,(R"0) @ lo(R™) @ - - - @ Lo(R™) and

Note that the operator Z = diag(Z,I,) has a conformable partitioning to
that of A = diag(As, 4;), where Ay = I})* and A, = diag(A, As, ..., Ag).

3.1 Stability of NLPV Models

This section tackles the various concepts of stability that are essential to our
work. To begin we define a basic notion of stability.

Definition 21 An NLPV model is l3-stable if [— AZ A has a bounded inverse
for all A € A.

Thus, there exists a unique (z, ) € Eg""""’nd) satisfying (5) and (6) if the
model is fo-stable. In such a scenario, equations (5) and (6) can be rewritten
in the form z = Gsw, where

Gs = C(I — AZA) TP AZB + D € L(£o(R™), £o(R")). (8)

have bounded inverses and are of the form T = diag(To,T1,...,Ty), where
each T; € L(f2(R")) is block-diagonal so that [T;], = Ti(k) € R ®xmit,
Observe that 7 is a commutant of A. Moreover, we define the subset X of 7
by X ={X>0:XeT}
Definition 22 An NLPV model is strongly {s-stable if there exists P € X
satisfying o

APA* — Z*PZ < 0. (9)
The following lemma asserts that strongly ¢2-stable NLPV models constitute
a subset of the ¢>-stable ones.

Lemma 7 A strongly ¢s-stable NLPV model is also l2-stable; however, the
converse is not true in general.

The proof parallels the standard case and is hence omitted.

Remark 2 We know that, under lo-stability, ||(I — AZA)™Y|| is bounded for
all A € A. But, this boundedness is not necessarily uniform. On the other
hand, strong {s-stability guarantees that the aforementioned norm is uniformly
bounded; this is clearly shown by the following norm condition which is easily
derived:

_1 1
1P| - [Pz
1—|P 2 ZAP3|

(I —AZA)™Y| < < oo forall Ae A,

where P is any solution in X to inequality (9).
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One of the key features of strongly f;-stable NLPV models is that they
can always be represented by an equivalent balanced realization, as we will
show next. But first, we need to define the balanced realizations of an NLPV
model.

Definition 23 An NLPV system realization is balanced if there exists a di-
agonal operator X € X satisfying

AXA* — Z*X 7 + BB* <0, (10)
A*Z*XZA - X +C*C <0. (11)

Lemma 8 An NLPV model can be equivalently represented by a balanced
realization if and only if it is strongly {2-stable.

Proof. Consider a strongly ¢o-stable NLPV model (A, B,C, D; A). This is
equivalent to the existence of P € X satisfying (9), which in turn is equivalent
to the existence of operators X,Y € X solving the generalized Lyapunov
inequalities

AXA* — Z*XZ + BB* <0, A*Z'YZA-Y +C*C < 0.

Clearly, these conditions are themselves equivalent. Now we define the oper-
ator T € T by
T:=X:U*X 3,

where unitary operator U € 7 and positive definite diagonal operator X' are

obtained by performing a singular value decomposition on X 1Y X %, namely
UX2U* = X3Y X2. Then, the following holds:

TXT* = (T 'yT ' =X,

The equivalent realization ((Z*TZ)AT*, (Z*TZ)B,CT~', D; A) as a result

is obviously balanced.

4 Model Reduction of Strongly £,-Stable NLPV Systems

This section focuses on the balanced truncation model reduction of strongly
l5-stable NLPV systems. It is divided into three subsections: the first presents
a precise formulation of the balanced truncation problem; the second gives
upper bounds on the error induced in such a reduction process; and the last
deals with eventually periodic NLPV systems and delivers guaranteed finite
error bounds for the balanced truncation of such systems.
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4.1 Balanced Truncation

Consider the balanced NLPV realization (A, B, C, D; A) with generalized di-
agonal gramian Y € X satisfying both of the generalized Lyapunov inequali-
ties (10) and (11). Recall that X' is of the form

X0 2 (O)
2 2ji(1)
Yy = ) , where each)); = Xi(2) )

X

and X (k) is a diagonal positive definite matrix in S™*. We assume without
loss of generality that, in each block X;(k), the diagonal entries are ordered
with the largest first. Now given the integers r; (k) such that 0 < r; (k) < n;(k)
for all K > 0, we partition each of the matrices X;(k) into two sub-blocks
Ii(k) € ST and 2;(k) € S™™ =" 5o that

2= |[€ (OZZ]], (12)

where I'; and (2; are block-diagonal operators. Note that, since r;(k) is allowed
to be equal to zero or n;(k) at any time k, it is possible to have one of the
matrices §2;(k) or I;(k) with zero dimension; this corresponds to the case
where either zero states or all states are truncated at a particular k. Allowing
for matrices with no entries, although a slight abuse of notation, will be very
helpful in the manipulations of the sequel. We define the operators I and {2
to have a similar structure to that of X, namely I" = diag(lp, I, ..., [q) and
2 = diag(20, 1, ..., 24). The singular values corresponding to the states
and parameters that will be truncated are in f2.

At this point, we want to partition A, B and C' conformably with the
partitioning of Y. Recall from Section 3 that A, B and C have the following
forms:

Ags AL AL

1413 /111 . qud l?i

A .p pp pp . B= .P , C:[C’SC;"'C;I],
4 Al gdd \d
Aps App"' App Bp

where each of the elements of these partitioned system operators is block-
diagonal. Note further that

Ass(k) Ag,y (k) -+ AL (k) By (k)

AL (k) ALL(K) -~ ALd(k) Bl (k)
[[A]]k = : : .. : ) [[B]k = : ’

A% (k) AU (k) -~ Add(k) By (k)

[C], = [Ca(k) CL(E) -+ Ca(R)].
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Let us now focus on the matrices Ay (k), Bs(k), Cs(k) and partition them in
accordance with the partitionings of Yo(k) = diag(Iyh(k), 20(k)) and Xo(k +
1) = diag(I'o(k + 1), £2(k + 1)) so that

[ Auk) A (B) [ B B
Aulb) = {Am(i«) Ao <k>] > Balb) = [BSZ <k>}  Colk) = |

where Ass(kz) = RT“(’““)XTOU‘), Bs(k) c RTo(kH)an(k)’ and C’S(k) € R7=m*T0(k)
Hence, we have

ASS A5812 Bs N
Ass = H:Asszl Assﬂ]]7 BS - |:|:BSZ:|:|7 Cs = [[05 052]]7

where each of the elements is block-diagonal. Similarly, the other elements of
the system matrices in (13) are partitioned compatibly with the partitioning
of the associated X;(k) so that

s(k) Csy (K)]

A T T AL 1 d d T rf 2 T
Ass ASSIZ ‘é A6P12 Ce A Adpm B;
_A5521 A5522. A5p21 5p22 61)21 6p22 _BS2_
I Al 1T 11 11 7 1d 1d 7 [ 17
Al AP512 1%1 A€€12 . Aldp A;D;Du f?
A - Apém A;U&zz_ Appzl A;UPZZ_ Appzl ;U;UZZ 5 B - L™~ p2l 5
d d T d1 dl T [ Add pdd [ Rd T
ralk: Azm o | i o
|A A A A L[ B2 || ]
L pPs21 I)622 Pp21 ;U;UZZ Pp21 pp22 4 | L~ p2l

C= [[[és 052] [[é; 01%2]] [[ég C:lc)lz } :

Then a state space realization for the balanced truncation Gs, of the system
Gs is (A, By, Cy, Dy Ay) where

A AL A%
Ay, A;;~-~ Al

id idi idd pd

Aps App App B
A Al Ad

s C, - Cy D

and A, = diag(lgzo, A, .., Ad), with A; = diag(6;(0) I 0ys i (1) Lr; 1yy - -)-

Notice that A, is constructed from the same parameters J; as those in A.

Lemma 9 Suppose (A, B,C, D; A) is a balanced realization of Gs. Then the
corresponding balanced truncation Gs . is also strongly ¢2-stable and balanced.

Proof. To start, there exists a unique permutation () such that Q*XQ =
diag (I, £2) formally; then we have
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* 77 72 ATA127"’* *~7Z~ B.| s 5
QZAQ[ Z] {Am AQJZQA, QZB[ Z] [32]22&
cQ [, G =,

and A = Q*AQ = diag(A,, Ay), where (A, B, C,., D,; A,) is a realization of
the truncation Gs,,, and the rest of the operators are defined in the obvious
way.

As the generalized gramian X satisfies both of inequalities (10) and (11),
then focusing on (10), and with the aforesaid permutation in mind, the fol-
lowing ensues:

"flT ‘{112 r "fl;k ‘{131 _ Z*FZ BT * %
|:A21 A22:| |: _Q] [AE Az, 7507 + B, [B,. BQ} < 0.
This clearly gives o

A.T'A; —Z*I'Z + B.B}: < 0.

Similarly, starting with (11), we can show that
A*Z*TZA, — T+ C:C, < 0.

Thus directly from the definitions of strong stability and a balanced system
we have the desired conclusion.

4.2 Error Bounds

This subsection gives upper bounds on the error induced in the balanced
truncation model reduction process. We start with the following result.

Lemma 10 An NLPV model G is strongly {s-stable and satisfies the condi-
tion |Gs|| < 1, for all A € A, if there exists a positive definite operator V in
the commutant of A such that

-V 0 A* O
0 -I B* D*
A B —-Z*V-1Z 0
C D 0 I

=< 0. (14)

This is a generalization of the sufficiency part of the Kalman-Yakubovich-
Popov (KYP) Lemma. Its proof is routine and so we do not include it here.
Note that the above inequality is necessary and sufficient in the purely time-
varying case as proved in [19]; however, in our case, it is in general only
sufficient. We will find the following notation convenient:

Gs=AxG=C(I—-AZA)*AZB + D,
ZAZB (15)
C D

where G = and A € A.
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Theorem 24 Suppose that (A, B,C,D;A) is a balanced realization for the
NLPYV system G, and that the diagonal generalized gramian X € X, satisfying
both of inequalities (10) and (11), is partitioned as in (12). If (2; = Iy, for
all i =0,1,...,d, then, for all A € A, the balanced truncation Gs, of G5
satisfies the following inequality:

HG5 — G(s,,-H < 2.

Proof. As G5 and Gs,, are both strongly fo-stable, then so is % (Gs — Gsr).
One realization of the system % (Gs — Gs ) is given in linear fractional form
by

ZA, 0 LZB,

5 (G5~ Gy = [AT A] o 0 Za

L C C

where 4, B, C, and A are as defined in the proof of Lemma 9, and Z,, =

diag({J;}/,) where J; = Z for all 4. In the sequel, we will construct a positive

definite operator V that commutes with diag(4,, A) and satisfies inequality

(14) for this 3 (G5 — Gs,) realization. Then, invoking Lemma 10 completes
the proof.

Given that the diagonal operator X' € X satisfies inequalities (10) and

(11), then direct applications of the Schur complement formula, along with
some permutations, guarantee the validity of the following condition:

R, K*
[K —z‘;RQZ‘a]<O’
where Z, = diag(Zg, 1, ZQ),
r-t' o o000 0 0 0 A Ap
0 271000 0 0 0 A Ax
Ri=| 0 0 Ifo0|, K=|0 0 0C, Co |,
0 0 070 A, A B, 0 0
0 0 008 Ay Ay By 0 0

-7 0 0 I0 I 700 0
. I 0 0 I0 L0010 1
L=—1| 0 I 0 01|, S=—1|0 00210
V2 0 0 V2700 V2 -1 700 O

0 -1 0 01 0 01 0 —I

Multiplying the preceding condition on the left by diag(S*, L) and on the
right by diag(S, L*) gives the following equivalent inequality:
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-S*RyS  S*K*L*

LKS —Z;LR,L*Z,| =0 (16)
where Z, = diag(Zg, 1, 4 ). Performing the multiplications in this inequality
leads to

At +T) 3(r~'-1n) 0 0 0 1
r=t-r) Yr-'+n 0 0 0
STR S = 0 0 L1t+0) 0 J( -2,
0 0 0 I 0
L 0 0 127 -02) 0 (27 +0)]
A+ y(r-r- 0 0 1
r-r=Y Yr'+n 0 0
LRoL" = 0 0 Le1t+2) 0 J(e-0h,
0 0 0 I 0
i 0 0 12— 0 3+ 0)]
[ A’V 0 70 %37 12112
0 A A 5B 0
0 Ay Amw LB, 0 M Nz
LES = 1 1 o 1 z oV 1/ - Ny A .
_ECT 7507_ 7502 0 -5 21 422
i Aoy 0 0 %Bz Ago

Note that, in the preceding expressions, some of the operators might contain at
certain time-instants matrices of zero dimensions. In such scenarios, the rows
and columns of which the said matrices are elements would not be present,
and the corresponding operator inequalities remain valid.

Define the operator V as

Yr-*+n Yr-*-ron 0
v |l lrer) o
0 0 L'+

Note that, since S*R1S > 0, then V' = 0. Also, V clearly commutes with the
operator diag(A,, A). Recall that, by assumption, 2 = I; hence, %(9’1 +
2) =1 and (27! — 2) = 0. With this in mind, it is not difficult to see that
inequality (16) implies that

Cwl o
L | <o
v [Zvz

I

Then, invoking Lemma 10, we get [|3 (Gs — G5,)| < 1.
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Theorem 25 Given a balanced NLPV model Gg, then, for all A € A, its

balanced truncation G5, satisfies the error bound

d
|Gs — Gs.rl| < QZZwi,j,

i=0 j
where w; ; are the distinct diagonal entries of the block-diagonal operator (2;.

The proof follows from scaling, Lemma 9 and repeated application of the pre-
vious theorem. Note that this error bound might involve an infinite summation
which in general may not converge to a finite number. In the following, we im-
prove on this result and derive tighter bounds. We will first consider balanced
systems where the singular values corresponding to the states and parameters
to be truncated are monotonic in time.

Before doing this it will be convenient to establish the following terminol-

ogy.
Definition 26 Given a scalar sequence oy, defined on a subset W of the non-

negative integers, we define the following hold rule which extends the domain
of ay, to all k > 0: let kuyin = min{k > 0: k € W} and then set

ar = akmin) Zf 0 S k S kmin;
b ag, where ¢ :=max{q<k:qeW}, if kmin <k

We now have the following result.

Theorem 27 (monotonic case) Suppose that (A, B,C, D; A) is a balanced
realization for the NLPV system G, and that the diagonal generalized gramian
Y € X, satisfying both of inequalities (10) and (11), is partitioned as in (12).
Let s;(k) = n;(k) — r;(k) and define the set F;, fori=0,1,...,d, by

Fi={k=0:si(k) > 0}.

Also suppose that for each i = 0,1,...,d the scalar sequence w;}, satisfies
Q2i(k) = wi ks, for all k € F;.
If for each i = 0,1,...,d the sequence w;y, is monotonic on Fy, then for all

A € A the balanced truncation Gs, of Gs satisfies the following inequality:

d

Gs — G5l <2 Sup wi k-
[ rll ;keﬂ i

Proof. It is sufficient to prove the theorem for the case where only one pa-
rameter or state block is being truncated (i.e., s; = 0 for all ¢ except for
one, say j € {0,1,2,...,d}), since the general case then follows simply by the
standard use of the telescoping series and triangle inequality. Also, we assume
without loss of generality that w;; < 1 for all & € Fj; this can always be
achieved by scaling inequalities (10) and (11).
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To begin, we extend the domain of definition of w; to all £ > 0 using
the hold rule defined in Definition 26; note that the extended sequence is
still monotonic. We now split the remainder of our proof into two separate
cases, one where this sequence is nondecreasing and the other where it is
nonincreasing.

Case wj i, nondecreasing:
In this case, we have w; 1, < wj x4+1 for all £ > 0. We define the state space
transformation T' € 7 as

[[T]] = w] k —2 I. (17)
Note that, since X > 0, then T is indeed bounded. This gives the following
balanced realization for Gs:

(4,B,C,D; A) = ((ZTZ) AT, (ZTZ) B,CT*l,D;A). (18)

For convenient reference, we will use Gs to refer to the system G5 when the
realization in use is (18).

Our goal now is to show that this new realization is balanced. To this end,
given the state transformation 7', we use (10) and (11) to arrive at

AL A* — Z*X7 + BB* <0,

A7 ((T*)*1 ET_l) — (T DT O <0, (19)
where X = TXT*. Because of the special structure of T and the fact that
wjr L wjrsr < 1, it is not difficult to see that

C*C = (T*)"'c*CcT™' < T*C*CT,
A Z*SZA=AZ* (TET*) ZA X (T*)*A*Z* (T*)"'X17~1) ZAT™

Then, pre- and post-multiplying inequality (19) by (7*)? and T2 respectively
and then using the above inequalities give

A*Z*XZA - X +C*C <0.
Hence, ¥ is a diagonal gramian satisfying the generalized Lyapunov inequal-

ities for the system realization Gjs. Notice that, by the definition of T, we
have

55k = T,(6) 55 (R)T5 (k) = (wy0) " [

_ [lwsm) T k) ] [TR)

I 25(k)]
Thus, Q = Iy,, and so, by invoking Theorem 24, we deduce that the balanced
truncation G§ , of the system Gy satisfies the norm condition
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||G§ — Gé,r” <2

for all A € A. Now, it is not difficult to see that, because of the special
structure of T', the error system realizations G5 — G5 - and G5 — G§ » are in
fact equivalent, and as a result, we have

1G5 — Gsrll = IG5 — G5, ]| < 2.

Case wj i, nonincreasing:
A similar argument applies where here the state transformation T' € 7 is

defined as [T, = cuj,k)l I

We now consider the more general case, where singular values need not be
monotonic in time. But first, we require the following definition from [18].

Definition 28 Given a vector v = (v1,va,...,vs) for some integer s > 1,
suppose that vi cannot be considered as a local maximum and vs cannot be
considered as a local minimum. Then vector v has m local mazima vmax,; and
m local minima vmin,; for some integer m > 0, and the maz-min ratio of v,
denoted S, is defined as

Umaxz
v—’l)l]:[ m >0

vmlnl
S, = v, m = 0.

Theorem 29 (nonmonotonic case) Given a balanced realization
(A,B,C,D; A) for the NLPV system Gs, suppose that a diagonal operator
X € X satisfies both of inequalities (10) and (11) and is partitioned as in
(12), where, for all i =0,1,...,d and k € F; = {k > 0: s;(k) > 0} we have
Q2;(k) = wikls, ), with s;(k) := n;(k) — r;(k). Define the vector @; to consist
of the elements w; i, for k € F;.

If for each i = 1,...,d we have dim(w;) < oo, then for all A € A the balanced
truncation Gs, of G satisfies the following inequality:

d
||G§ - G(s,,-H < QZS@.

=0

The proof below uses the same idea as that of Theorem 27. Basically, we need
to define some state space transformation that results in a balanced realization
for the system Gs where the diagonal gramian X solving the generalized Lya-
punov inequalities for this realization is such that Qj = I;,. Then, invoking
Theorem 24 completes the proof. The choice of this state space transformation
used is inspired by that of the monotonic case.

Proof. As with the proof of Theorem 27 it is sufficient to prove the result for
the case where the only (2; that has non-zero dimension is {2; for some fixed
jin {0,1,...,d}; without loss of generality we assume that w;, < 1 for all &.
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To keep the notation simple, we suppress the subscript j in w; and @;.
The vector @ is of the form

O = (Why , Whys - -+, @min,1s - - - » Wmax,9s -« -« - s Omax,my - - - s Why )

corresponding to values of the sequence wy evaluated at the ordered time
points

(k17k2a .. 7kmin,17 .. -7kmax,1; v 7kmax,m7 .. -aks)-

The denoted local minima and maxima of the vector w are as defined in
Definition 28. We now use the hold rule of Definition 26 to extend the sequence
wyi to all k£ > 0; the maxima and minima of wy, are illustrated below.

~
Wmax,m

wmax, 1

~
wmax, 2
L] L] L]

wkl

Wk

S

A Wmin,2
Wmin,1

We define the state space transformation T' € T as

1

wZII, for k=0,1,..., k1 — 1,
1
wﬁ[, fork:k;l,kl—l—l,...,kmimh
Wmin,lwk_ala for k = kmin,l + 15 <. '7kmax,1a
[[T]]k = Wmin,lwr;;wa]?I; for k = kmax,l + 15 ey kmin,Qa
pwé[, for k = kmax,m +1,..., ks,
pwi I, for k=ks+1,ks+2,...,

[

1

where p = [[1%, wmin’iw;;xﬁi. Also, define P,@ € 7 such that [[Pﬂk =wil
and Q = TP~ It is not difficult to see that the constituent scalars of operator
T define a nonincreasing sequence, and so do those of operator @ and those

of operator QP?. Then, given the equivalent realization (A,B, C,D; A) =
((Z*TZ) AT (Z*TZ) B,CT‘I,D;A) of the system Gy, which we de-
note for ease of reference by G, and because of the special structure of 7' and
the assumption that w;; <1, the following ensues:
AN A* - Z*37Z + P72Q7'BB*(Q*) Y (P*)"? <0,
A Z*8ZA - X +Q*C*CQ <0,
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where X = (P*)~1XP~!. Notice that P~2Q~! = wk_llf and Q = pI. Thus,
the diagonal operator X satisfies the generalized Lyapunov inequalities (10)
and (11) for the realization (fl,w,;lB, pC,D; A). As 2; = I, then, invoking
Theorem 24, we get

wk_llpHC_v'g - Gsrl < 2.

Finally, the special structure of operator T and the fact that S, = (cuk_llp)i1
lead to ) )
|Gs — Gs.o|| = ||Gs — Gs..|| < 2S...

We remark that Theorem 25 generalizes the LTV result in [14] to the NLPV
framework. Also, Theorems 27 and 29 are mainly generalizations of their LTV
counterparts in [18], with the important exception that the truncations in the
theorems need not be restricted connected intervals. To illustrate how to apply
these results, we consider the following hypothetical example. Suppose we are
to truncate the states corresponding to the sequence £2o(k) = wo i ls, ) for
k€ [1,9], where

{woktry = {1,0.75,2,1.25,3,1.75,4,2.25,5}.
Then the corresponding error bound obtained from Theorem 25 is
2x (1+075+2+125+3+1.75+4+2.25+5) =42

This is exactly the same bound that the main result of [14] would give assum-
ing a standard LTV system. If we are to apply Theorem 29 to truncate the
states in one step, then we obtain the error bound

2 3 4 5
2Xx1x — X%

075 < T25 <175 <201 7O

This bound is quite conservative and can be significantly improved if we trun-
cate the states in three steps and accordingly divide the sequence wy . into the
following: {1,0.75,2,1.25}, {3,1.75,4,2.25}, and {5}. Then, applying Theo-

rem 29 recursively, we obtain the improved error bound

2 4
2 1x — — ~ 29.
><< XO.75+3X1.75+5> 9

This can also be obtained from the results of [18] if the system in question is
a standard LTV system. But, in our case, we can actually further improve on
the last bound by dividing the sequence wy ; into the two monotonic sequences
{1,2,3,4,5} and {0.75,1.25,1.75,2.25} and then applying Theorem 27 twice
to get the error bound 2 x (5 + 2.25) = 14.5.
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4.3 Eventually Periodic LPV Systems

This subsection focuses on the balanced truncation of eventually periodic LPV
systems. These systems are aperiodic for an initial amount of time, and then
become periodic afterwards. One scenario in which they originate is when
parametrizing nonlinear systems about eventually periodic trajectories. Such
trajectories can be arbitrary for a finite amount of time, but then settle down
into a periodic orbit; a special case of this occurs when a system transitions
between two operating points. In addition to that, eventually periodic systems
naturally arise when considering problems involving plants with uncertain
initial states. Note that both finite horizon and periodic systems are subclasses
of eventually periodic systems. We refer the reader to [6-8] for some useful
results on eventually periodic models. We now give a precise definition of an
eventually periodic operator.

Definition 30 A block-diagonal mapping P on Lo is (h,q)-eventually peri-
odic if, for some integers h > 0, ¢ > 1, we have

Z29(z)"pz") = (z")"PZ") 2",

that is P is q-periodic after an initial transient behavior up to time h. More-
over, a partitioned operator, whose elements are block-diagonal, is (h,q)-
eventually periodic if each of its block-diagonal elements is (h,q)-eventually
periodic.

Theorem 31 Suppose that state space operators A, B, and C are (h,q)-
eventually periodic. Then solutions X,Y € X satisfying Lyapunov inequal-
ities (10) and (11) exist if and only if (h,q)-eventually periodic solutions
Xepers Yeper € X exist.

The outline of the proof is as follows: first, employ a similar averaging tech-
nique to that used in [2] to show that the periodic part of any of the gen-
eralized Lyapunov inequalities admits a g-periodic solution if feasible, then,
having established that, the above result follows from scaling.

Thus, if the system is strongly fo-stable and (h,g)-eventually periodic,
then we can construct an (h, ¢)-eventually periodic balanced realization with
an (h, g)-eventually periodic diagonal gramian X € X satisfying Lyapunov
inequalities (10) and (11).

Theorem 32 Suppose that system Gs is an (h, q)-eventually periodic system
with a balanced realization (A, B,C, D; A). Then the following hold:

(i) There exists an (h,q)-eventually periodic diagonal operator X € X, parti-
tioned as in (12), satisfying both of the generalized Lyapunov inequalities
(10) and (11);

(i) The balanced truncation Gs , of Gs is balanced and satisfies the finite error
bound
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d
HG — GTH < th + QZZWW < 00,
i=0 j
where the scalar parameters w; ; are the distinct diagonal entries of the
matriz diag(£2;(h),...,2;(h +q —1)), and Eyy, is the finite upper bound
on the error induced in the balanced truncation of the finite horizon part
of G5 and is deriwed by applying Theorem 29.

5 Conclusions

In this paper we have introduced balanced truncation model reduction for
NLPV systems, and derived explicit error bounds for this procedure. Even
when restricted to purely time-varying systems the results obtained provide
the least conservative bounds currently available in the literature. Although
there has been considerable recent achievement in the literature on model re-
ducing nonstationary systems, which are all directly motivated by the original
LTT results in [3,11], the authors conjecture that significantly better bounds
may be obtainable.
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