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Abstract

This paper considers control of nonstationary linear parameter-varying systems, and is motivated by interest in the control of nonlinear systems
along prespecified trajectories. In the paper, synthesis conditions are derived for such systems using an operator theoretical framework with the
{5 induced norm as the performance measure. These conditions are given in terms of structured operator inequalities. In general, evaluating the
validity of these conditions is an infinite dimensional convex optimization problem; however, if the initial system is eventually periodic, they
reduce to a finite dimensional semi-definite programming problem. The paper concludes with an in-depth example on the control of a two-thruster

hovercraft along an eventually periodic trajectory.
© 2008 Elsevier Ltd. All rights reserved.
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1. Introduction

This paper deals with the generalization of results for
linear parameter-varying (LPV) systems to the nonstationary
(time-varying) case. Our work is motivated by the desire
to control nonlinear systems along prespecified trajectories,
and the results obtained are computable as finite dimensional
convex programs when the trajectories involved are eventually
periodic. That is to say that the trajectory can be arbitrary for
a finite amount of time, but then settles into a periodic orbit; a
special case of this is when a system transitions between two
operating points.

The types of plant models we consider are of the form

x(k+1)=A(5k), k)x(k) + B((k), k)u(k),
y(k) = C(8(k), k)x (k) + D(5(k), k)u(k),

where A(-,-), B(-,-), C(-,-), and D(-,-) are matrix-valued
functions that are known a priori. The variable k is time, and
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8(k) = (81(k),...,84(k)) is a vector of scalar parameters
that are not known a priori. We will be concerned with the
situation where both of the following conditions hold: (i) the
parameters §; (k), although not known a priori, are available
for measurement at time k; and (ii) A, B, C, and D are
rational functions of the parameters §; at each instant k.
Such models arise naturally when, for instance, expanding a
nonlinear system around a trajectory, and the scenario satisfying
(i) and (ii) represents a type of gain scheduling.

The main idea for the use of this type of model originates in
the seminal papers Lu, Zhou, and Doyle (1996) and Packard
(1994), where gain scheduling based on linear fractional
transformation (LFT) models is introduced. These papers
consider the case of stationary LPV systems, and one of the
main contributions of the current paper is the generalization
of the results in Packard (1994) to the general nonstationary
case. This is accomplished by combining the approach taken
in Packard (1994) for the stationary case with the framework
developed in Dullerud and Lall (1999) for linear time-varying
systems. In addition to the approach taken in Packard (1994),
the proof technique in this paper parallels that in Gahinet
and Apkarian (1991), which considers the time-invariant Hy,
problem. Other closely related works on stationary LPV
models and on nonstationary systems appear in Apkarian and
Gahinet (1995), Ball, Gohberg, and Kaashoek (1992), Halanay
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and Tonescu (1994), Helmersson (1995), Iglesias (1996), Lee
(1997), Lu et al. (1996), Wu (2001) and Wu, Packard, and
Becker (1996) respectively.

We remark that in many cases, when deriving a
nonstationary linear parameter-varying (NSLPV) model such
as (1) along a trajectory, it is possible to find a stationary LPV
model that also parameterizes the nonlinear system along the
trajectory. The main advantages that a nonstationary model will
typically have are: (a) from an algebraic point of view, one
can easily construct situations in which the stationary LPV
system is not stabilizable, but the nonstationary one is; and
(b) the set of systems parameterized by the stationary model
will typically be much larger than that by the corresponding
nonstationary one, and thus may needlessly limit the closed-
loop performance of the model. Indeed, the situation in (a) can
be viewed as an extreme version of type (b) conservatism. In
time-varying systems, it is well known that systems can be
stabilizable even though the state space matrices, pointwise in
time, are not stabilizable; this serves as an analogy for (a) in the
case of standard systems.

The main contributions of this paper are:

e The development of general synthesis conditions for control
of NSLPV systems; these conditions are infinite dimensional
and convex. As with the stationary case, the conditions we
obtain are only sufficient for an LPV synthesis to exist, but
are necessary and sufficient for the case where there are no
parameters §;; that is, the nominal system is a standard time-
varying system. When the model in (1) is stationary, the
conditions derived are exactly the ones in Packard (1994).

e The introduction of the concept of an eventually periodic
LPV system, and results showing that, for these systems, the
general synthesis conditions obtained become linear matrix
inequalities (LMIs), thus making them readily computable.
Eventually periodic systems contain both finite horizon
and periodic systems as special cases. In addition to the
application already mentioned of trajectories that eventually
settle into a periodic orbit, eventually periodic systems
naturally arise when considering problems in which the plant
has an uncertain initial state.

The paper is based on Farhood (2005) and is organized as
follows. In Section 2, we define our notation and introduce
some useful machinery. We formulate the LPV problem of
interest in Section 3, and develop analysis and synthesis results
in Section 4. In Section 5, we consider eventually periodic LPV
systems, and we conclude in Section 6 with an example on the
control of a two-thruster hovercraft along an eventually periodic
path.

2. Preliminaries

The set of real n x m matrices is denoted by R"*™. The
linear space of elements x = (x(0),x(1),x(2),...), with
x(k) € R™ s denoted by £(R"). We define the Hilbert
space £>(R") as the subspace of £(IR") consisting of elements
x € £(R™) such that ||x||2 = Z,fiox(k)*x(k) < 00. When
the spatial dimensions n(k) are either evident or irrelevant to

the discussion, we will simply use the abbreviations £, and £.
We denote the space of bounded linear operators mapping £
to £ by L(£2), and the ¢, to £; induced norm of an operator
X by || X||. The adjoint of X is written X™*. When an operator
X € L(¢) is self-adjoint, we use X < 0 to mean it is negative
definite; that is there exists a number o > 0 such that, for all
nonzero x € {5, the inequality (x, Xx) < —a/||x||? holds, where
(-, -) denotes the inner product. Given a sequence of dimensions
ni(k),na(k), ..., np(k), we define the Hilbert space direct sum

" = (R @ GR™) @ - - @ L (R™). Let 01 j and
I; denote an i x j zero matrix and a j x j identity matrix
respectively. Other notations used in this paper are

1y, = diag(In(), (1), In), - - ),
If(:l’m’np) = diag(lnzl ) 12221 ey [;2’))7

0y, " = diag(0n0) xm () On(tyxm(1)s - - -)s

and
(1) X(my,.img) 1xn; Ixn, *
OZZ '_ 0@2 e 042
Ixm leq
X I:()K2 ce 0132 .

A key operator used in the paper is the unilateral shift Z, defined
as follows:

Z: (R”(l), R ) =0 (]R”(O), R'D RO )

(a(1),a(2),...) s 0,a(1),a(2),...).

Clearly this definition is extendable to ¢, and in the sequel,
we will not distinguish between these mappings.

Following the notation and approach in Dullerud and Lall
(1999), we make the following definitions. First, we say a linear
operator Q mapping RO R -y o (RO RAD
is block-diagonal if there exists a sequence of matrices
Q(k) in Rr®>xm&) guch that, for all w,z, if z = Qw,
then z(k) = Q(k)w(k). Then Q has the representation
diag(Q(0), Q(), Q(2), ...).

Suppose F, G, R and S are block-diagonal operators, and let

r G] . Then we

A be a partitioned operator of the form A = [ R s

define
— FO) GO)| [F) G

[A] := diag (|:R(O) S(O)i| , [R(l) S(l):| , ) .

Clearly, [[A] is simply A with the rows and columns permuted
appropriately so that [A]l, = [283 (5;33] It is easy to see
that [A + B]] = [[A] + [B] and [AC] = [AIICT hold for
appropriately dimensioned operators, and that A < 81 holds if
and only if [A]] < B, where B is a scalar. Namely, the [[e]]

operation is a homomorphism from partitioned operators with
block-diagonal entries to block-diagonal operators.

3. Problem formulation

We will be concerned with a particular subclass of models
of the form in (1), where the dependence of the state-space
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matrices on the parameters §; is given in terms of a feedback
coupling. These types of systems are commonly referred
to as LFT systems, in which the state-space dependence
on the parameters is rational. Models of this subclass are
the straightforward generalization of the LPV systems first
introduced in Lu et al. (1996) and Packard (1994).

3.1. NSLPV plant

Let Gs be a discrete-time LFT system defined by the
following state-space equations:

x(k+1) Ags (k) Asp(k) Bis(k)  Bas(k)
a (k) _ | Aps(k)  App(k)  Bip(k)  Bap(k)
z(k) Cis(k) Cipk) D1i(k) Dia(k)
y(k) Cos(k)  Cop(k)  Doyi(k) 0
x (k)
ol
u(k)
Bk) = diag(81(k) In, (k)s - - - » 8a (k) Iy (k) Yo (k)
= A(b)a(k),

x(0) = 0, for w € ¢>. The signals w(k) and z(k) denote the
exogenous disturbances and errors, respectively, whereas u (k)
denotes the applied control and y(k) the measurements. The
vectors x (k), a(k), B(k), z(k), w(k), y(k), and u(k) are real and
have time-varying dimensions, denoted by ng(k), n(k), n(k),
nz(k), ny(k), ny(k), and n, (k) respectively. The parameters
8; (k) are real scalars such that |§;(k)] < 1 for all k > 0O
and i = 1,2,...,d, and the associated dimensions n;(k)
satisfy %, n; (k) = n(k). We assume that I — A, (k) A(k)
is invertible for all k > 0 so that this LFT system is well posed,
and thus there are unique solutions in £ to (2). Also, we assume
all the state-space matrices are uniformly bounded functions
of time.

Using the previously defined notation, clearly the matrix
sequences Ags(k), Bis(k), Bas(k), Cis(k), Cos(k), Di1(k),
D1 (k), and Dj1(k) define bounded block-diagonal operators.
The blocks of matrix A(k) naturally partition (k) and B(k)
into d separate vector-valued channels, conformably with
which we partition the following state-space matrices:

A = [ALK) A2, A )]
CLpt =[cl,d k) - cf,w]
Cop) = [Ch, (0 CR,(0) - Ch,h)]
AR A
App (k) = : :
| A, (k) AYe (k)
rAL (k) 3)
A4 (k
Aps (k) = PS( :
A ()

L3 ps

B}, (k) B, (k)

B2, (k) B3, (k)
Blp(k) = . BZp(k) = . s

B{ (k) B, (k)

where Al (k) € Rro®+Dxm® A% k) e Rk,
Ay € RO B Bl (k) e RO m® B (k) e
RE©xm® (k) € RO 0, and €} (k) € ROxmih),
The matrix sequence of each of the elements of the state-space
matrices in (3) defines a bounded block-diagonal operator; and
so we construct from the sequence of each of these state-
space matrices a partitioned operator, each of whose elements
is block diagonal and defined in the obvious way. For instance,
the matrix sequences A Al,p(k), A Afp (k) define block-diagonal
operators that compose the partitioned operator Ay,. With Z
being the shift, we can rewrite our system equations as

ZAgs ZAsp ZBis ZByg X
Aps  App By By || B
w
u

’

Cis Cip Dn D2
Cyy  Cyp Dy 0

X ) n X X
_ﬁi| = d1ag([€2°, A, A |:oe] =A |:oz] ,

where x € L(R"), w € £,(R"), g € L(R™) forg = u, z,y,
B = B1,...,B2), a = (a1,...,aq9), Bi, oi € £L(R"), and
A; = diag(8; (0) I, 0y, 8; (D) In; (1), 6i ) In; 2y, - - ).

We now introduce some convenient definitions and
notations. To start, we define

“4)

“ N R =

A= I:A” AW], B = I:Bls] , B, = I:BZS:| )
Aps  App Bip By
Ci:=[Cis Cip], Cy:=[Ca5 Cpp].

We also define Z = diag(Z, I), which is partitioned similarly
to A. This partitioning is clearly conformable to that of A =
diag(Ay, Ap), where Ay = Iy, and A, = diag(4y, ..., Ag).
Notice that [A, Iy = A(k). Moreover, we define A = {A €

systems G for all A € A defines an NSLPV model G5, namely
g,3={G5:A€A}.

We now define the basic notions of well-posedness and
stability for NSLPV models.

Definition 1. An NSLPV model G5 is

(i) well posed if I — A,A,, has an algebraic inverse (not
necessarily boundg:vd) forall A € A;
(ii) £,-stable if I — AZ A has a bounded inverse for all A € A.

It follows from (ii) that, when a system is £;-stable, there
exists a unique (x, 8) € Egno """ na) satisfying (4). We refer the
reader to Farhood and Dullerud (2007) for an in-depth treatment
of well-posedness and stability for NSLPV systems.

The parameters §; are not uncertain, and while not known a
priori, they are available for measurement at each k. Next we
incorporate these plant parameters into the control design.
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3.2. Controller and closed-loop system

Given an operator A € A and an associated system G5, we
suppose this system is being controlled by a controller K that
has a similar structure as Gs. The controller is defined by the
state-space equations

K ZAL zAf, zZBE| T«
of | =| AK A,’fé, BN || g% .
u ck ¢ D¥ Ly Q)
K K K
[;K] :diag(lgg,A{(,...,Af) BK} = Ak [z"}
where xX e (@®m), pK = (BK, ... B5), of =

(@f,...,ak), pK, af e ¢@®™), and the block-diagonal
operator AI.K = diag(8; (0) Ly, 0y, 8i (1) Lp; (1), - - ). We will
derive the proper values for the controller dimensions in the
next section. Note that the parameters ¢ that affect the controller
are the same as those that affect the plant. The well-posedness
of this LFT can always be guaranteed by slightly perturbing
AK if necessary, to ensure that 7 — A,prAK is invertible.

We write the realization of the closed-loop system as

Xel = A ZrAgixel + A ZrBow, 7 = C¢xel + Dow,

where x is the column vector (x,B,xX, gX), Ay =
diag(A, ARy 7, = diag(Z, Z), and the remaining operators
are defined in the obvious way. We denote this realization by
Ss, and hence the closed-loop NSLPV system Ss is given by
Ss = {Ss : A € A}. Note that, for NSLPV systems, the
standard form of A is the one given in (4) and (5). It is obvious
that A is not of the standard form, but this can be remedied
easily by a change of basis via a permutation. Specifically, there
exists a unique permutation P such that

P*AqP = AL = diag(7;?, Ak A, (6)

where s; = n; + m;, AiL = diag(8; (0)I;(0), 6; (D I5; (1), - - -);
clearly, AL conforms with the standard form. Then, for all
A € A, an equivalent realization for Ss is given by

L L
[’“L] [ZAL ZBL:| [XL]
o =| L pt B )

Z w

L L
X X
=)
where xI € ¢(RY), ol = (o, ... al), B = (BF, ..., BE),
af, B} € LR, and AL = (Z*P*Z2)Aa P,

Bl =(Z*P*Zy)By, Cl=cCyP, D'=D, (7

Notice that ZAL = ZZ*(P*ZyAqP) = P*ZAqP and
ZBL = P*Z,B.,. For convenience, we define AL := {AL €
Al <13

We will denote the NSLPV controller by K, instead of /Cs,
to emphasize that the controller parameters are not arbitrary but
rather they are the same as those of the plant.

4. Synthesis
The following definition expresses our synthesis goal.

Definition 2. A controller K is an admissible synthesis for an
NSLPV plant Gs if the closed-loop NSLPV system S; is £;-
stable and the input-output mapping w > z satisfies

lw > z|| = HCL(I — ALZALy'ALZBL 4 DLH <1
for all AL e AL,

Lemma 3. The closed-loop NSLPV system S; is £-stable and
the performance inequality |w +— z|| < 1 is satisfied for all
A € A if there exists a positive definite operator X in the
commutant of A" such that

ZAL ZBL'TxL 0o][ZA: ZBt
ct Dt o 1I||ct bt
xL oo
- [ 0 1] <0. (8)

This is a generalization of the sufficiency part of the Kalman-
Yakubovich-Popov Lemma. Its proof is routine and so is
omitted. Note that inequality (8) is necessary and sufficient in
the purely time-varying case (Yacubovich, 1975); but, in our
case, it is in general only sufficient, and thus this may introduce
conservatism into our approach.

At this point, we define the set X’ to consist of positive
definite operators X’ of the form

Xt = diag(x§, Xt ... x5 =0,

where each X lL is block diagonal, namely

XE = diag(xE(0), XE(1),...), with XF(k) e RE®>si®),

Proposition 4. A positive definite solution X", belonging to
the commutant of AL, exists to inequality (8) if and only if a
solution X* e XL exists.

Proof. The proof of the “if” direction is immediate since X is
clearly a subset of the commutant of AL

We now prove the “only if” direction. Suppose X’ is a
positive definite operator in the commutant of A% satisfying (8).
Then XL has the form XL = diag()_(L,XlL,...,X[%) >
0, where, for i = 1,2,...,d, each operator )_(l.L is block
diagonal with [[)_(l.L Ik = )_(,.L(k) e RS0 xsik) whereas )_(é €
L(>(R%)) and is not necessarily block diagonal. Following
a very similar argument to that used in the proof of Dullerud
and Lall (1999, Theorem 11), we can construct from XL an
operator XI = diag(X[, Xt, ..., XLy e XL that also solves
(8) such that Xé is a block-diagonal operator whose elements
are the blocks on the diagonal of X} and X} = X[ for
i=1,....,d. 1

The procedure henceforth is very similar to the ones given
in Dullerud and Lall (1999) and Gahinet and Apkarian (1991)
for LTI and LTV systems respectively, and so we present it
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very briefly. Before proceeding, it is convenient to define the
notations n = (ng,...,ng) and m = (mg,...,myg). Now,
consider the following closed-loop parametrization:
Aq=A+BIC,
Ca=C+D),JC,

Bclzé*l—ﬁjgzp ©)
D¢ = Dy +Q12]QZ1,

where operator J describes the controller realization, namely

K K K

Ay Ay BE
Ji=| A Ay, By |

ck ck p

and the other operators are defined as follows:

C = [C] OZ;XM] s Dy, = I:Olg;xn& D]z:l ,

i ) :| i |: B :|
= mxm | s = mXny |
_0 Oz, Or,

i 0 B
B=|,m ,

B m 11X My
C = 0 Iez ) D, = 052 :
- C, O Doy

Lemma 5. The controller Ks described by the operator J is an
admissible synthesis if there exists X* € X such that

Hy, + Q*J*R+ R*J Q <0, (10)
where R = [Q* Og’"“)x(ﬁ"h) Og’n”)xnw QTZ])

Q _ I:O((Z):,ny)x(n,m) Q 221 Oérzn,n).)xnz] i

-Z3x57'Z, A B 0
A * _yL ok
Hyr = 4* Xp 0 C* )
g B 0 -1 Dy
0 C D -1
xk = pxtp,

and the permutation P is as defined in (6).

Proof. The controller is admissible if there exists a solution
XL e X to inequality (8). Pre- and post-multiplying (8) by
diag(P, I) and diag(P*, I) respectively and then substituting
the definitions from (7), we get the equivalent inequality

[Ad Bcl}*[fi"PXLP*fz 0} |:Ac1 Bc,]

Ccl Dcl 0 I Ccl Dcl
_[PxtpP* 0 <0
0 1 )

Applying the Schur complement formula twice and then
substituting expressions (9) give the desired result. W

Lemma 6. There exists a partitioned operator J satisfying
inequality (10) if and only if

WiHytWr <0 and WhHyiWo <0, (11)

where ImWgp = KerR, InWp = KerQ, WyWg = I, and
Wé Wo =1

This lemma is a generalization of a similar result in Gahinet
and Apkarian (1991). Its proof is nearly identical to the one
presented in Dullerud and Lall (1999) and so we omit it.

One problem with the preceding result is that inequalities
(11) are not affine in X%,, since both XILJ and (XILD)_1 appear in
HX%' To remedy this, given X = diag(Xg, e Xg) e XL,
we conveniently partition the matrix blocks as

X; (k) ﬁm}

L —

where the matrices X; (k) € R ©>xni0) xb gy ¢ Rrikrxmi(k)
and X{(k) € Rmik)>xmi(k) Note that the sequences X;(k),
X f (k), and X7 (k) define block-diagonal operators X;, Xf.’ and
X¢ respectively. With X é = PXLP*, it is straightforward to
verify that

x xt

L

XP = [(Xb)* XL} ?

where X = diag(Xp, ..., Xg4), and X% and X°¢ are defined

similarly. Clearly, since (X5)~! = P(XL)~1P*, then (X%)~!
has the same form as X %,, namely

X x° _ y vt
XIIE = |:(Xb)* Xci| ) (Xli’) = |:(Yb)* Yc:| . 12)

We define the set X’ to consist of positive definite operators
X = diag(Xo, ..., Xq), where each X; € L(£5) is block
diagonal. Then, X and Y from (12) are elements of X.

Lemma 7. Suppose X,Y € X and m; is a positive integer for
alli = 0,1,...,d. Then there exists an operator Xf, > 0
satisfying (12) if and only if, forallk > 0,i =0, 1,...,d,

Y 1 Y; (k) 1
[1 Xi|50 and rank|: / X: (k)

} < nj(k) + m;(k).
The proof of this is nearly identical to its matrix version
found in Packard (1994) and so we do not include it here.
The next theorem transforms (11) into convex conditions.

Theorem 8. There exists an admissible synthesis Ks for
NSLPV plant Gs, with dimensions m; < n; for all i =

0,1,...,d, if there exist operators X, Y € X such that
o
A L ] L
1 1

7*X7Z X

[P e [0 Jimewo. w
Yy 1 . A B

[1 Xi| >0, withF = |:C1 D11:|’
where the operators Ny, Nx satisfy
Im Ny = Ker [B; D},], NyNy =1,
ImNx =Ker [C2; D],  NyNx=1I.
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Proof. Suppose there exist operators X and Y satisfying the
conditions in (13). Then by invoking Lemma 7, for some
positive integers m; < n;, there exists an operator X I;, that
satisfies (12). Set Ny = [V{* V5], where V; is block diagonal
with Vo(k) € R=®>? and V; is a partitioned operator,
each of whose elements is block diagonal, namely V| =

* .
[vor vy V'] with Vi) € RUOX?. Then, the
first condition in the theorem statement is equivalent to
[ H VB + V2*D11]

* * =<0,
where H = V[ (AYA* — Z*YZ)V| + VFAYCIV, +
VIC YA*Vy + VS(CYC] — I)Va. Applying the Schur
complement formula to this condition, we equivalently get

—VZXYZVi = V5Va + [VFA 4+ V5Cr 0 VB + V5 Dyi

Yy ¥YP ool[Avi4+Civ,
x| (¥h* v 0 0 < 0.
0 0 I||BfVi+DyVa

. In—1 _ [ v v
In order to invert (Xp)™" = [(Y;,)* ye

complement formula again and so the last inequality holds if
and only if the following operator

—VIZ*YZVi = VSVa VEA+ VEC) 0 ViB) 4 ViDy

], we apply the Schur

AV +CFV, -x  —x° 0
0 —xhH*  —xc 0
BiVi + D} V2 0 0 -1
: , : : vio o vt
is negative definite. Setting Wg = | | p@mme) g | itis not
2

difficult to see that the preceding negative definite operator is
exactly WI’S H Xk Wg. Observe that, given R from (10), Im Wg =

Ker R and WgWg = 1. A similar argument starting with
the second condition in the theorem statement shows that the
condition Wa HX% Wg =< 0 from (11) holds. Thus, we have

shown that conditions (13) hold if and only if there exists an X f,
satisfying (12) such that Wg HX%’ Wg < 0 and WZ) HX% Wo <
0. Therefore, by Lemma 6, there exists an admissible synthesis
forGs. W

Note that if we partition Y and X as: ¥ = diag(Y;, Y),) and
X = diag(X;, Xp), where Yy = Yy, ¥, = diag(Yy,..., Yyq),
with X and X, defined similarly, and if we define
Im [Ny Ik = Ker [[B> Ik D, k)],
Im[[Nx Ik = Ker [[C21x D2 (0],
which are directly related to Ny and Ny, then the conditions of

Theorem 8 are clearly equivalent to the existence of 8 > 0 such
that, for all £k > 0, we have

(S [Ny I {[F D diag (Y (k), [Yp Ik, 1) [F 1
—diag (Yy(k + 1), [Y, Ie. 1)} [Ny Ik < =B,

(S2) [Nx I {[LF T diag (X5 (k + 1), [X, It I) [F Tk
—diag (Xs(k), [Xp . I)} [Nx Ik < —B1.

[[Y T« I A B
(S3)[ I [[X]]k:|50, whereF_[C1 D“].

This gives a recursive matrix form of the solution.

We now briefly outline the procedure for constructing a
controller from the solutions X and Y. To start, define m; (k) :=
rank ([ X; I —0Yi x) < nitk) fori = 0,1,...,d. Using
Lemma 7, construct an operator Xf, satisfying (12). Then,
solve inequality (10) for the controller realization J. All
of the preceding steps are convex but infinite-dimensional
computations. See Gahinet and Apkarian (1991) or Packard
(1994) for more details on this procedure.

5. Eventually periodic systems
We start by defining an eventually periodic operator.

Definition 9. A block-diagonal mapping P on ¢, is (h, q)-
eventually periodic if, for some integers 2 > 0, g > 1, we
have Z4((Z*)"PZ") = ((z*)"PZ") 74, thatis P is g-periodic
after an initial transient behaviour up to time h. Moreover,
a partitioned operator, whose elements are block diagonal, is
(h, g)-eventually periodic if each of its block-diagonal elements
is (h, g)-eventually periodic.

Note that if 7 = 0, then P is simply g-periodic. An NSLPV
system is (h, g)-eventually periodic if each of its state space
system operators is (h, g)-eventually periodic.

Proposition 10. The following hold:

() If AL, BL, CL, and D" are (h, q)-eventually periodic, then
there exists a solution in X to inequality (8) if and only if
there exists an (N, q)-eventually periodic solution in X*
for some integer N > h;

(i) If the NSLPV plant Gs is (h, q)-eventually periodic, then
there exist solutions in X to inequalities (13) if and only
if there exist (N, q)-eventually periodic solutions in X for
some integer N > h.

The proofs of Parts (i) and (ii) are very similar to those
of Farhood and Dullerud (2002, Lemma 7) and Farhood and
Dullerud (2005, Theorem 8), respectively. Note that, in the
standard LTV case, the finite horizon length N in Part (i) can
be chosen equal to %, as shown in Farhood and Dullerud (2002,
2005). This however is not necessarily true in the NSLPV
case, and it is not difficult to construct counter examples to
verify this. Moreover, even in the standard LTV case, N is not
necessarily equal to 4 in Part (ii). In the case of g-periodic
operators and systems (2 = 0), N in both parts can be chosen
equal to zero; this follows by a similar averaging technique to
that used in the proof of Dullerud and Lall (1999, Theorem 20).

So, given an eventually periodic LPV system, it follows from
Lemma 3 and Propositions 4 and 10 that inequality (8) reduces
to a finite dimensional convex condition for determining an
upper bound on the ¢>-induced norm of the system. The next
result stems from Theorem 8 and Proposition 10.

Corollary 11. Suppose the NSLPV plant Gs is (h, q )-eventually
periodic. Then, for some integer N > h, there exists an
admissible (N, q )-eventually periodic synthesis K for G, with
dimensions m; < n; for alli = 0,1,...,d, if there exist
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Fig. 1. Two Thruster Hovercraft.

positive definite solutions satisfying the synthesis conditions
(S1-S3) forallk = 0,1,...,N 4+ q — 1, with X;(N 4+ q) =
Xs(N) and Ys(N + q) = Y(N).

Solutions X and Y can be used to construct an (N, q)-
eventually periodic controller Ks5. We remark that it may be
possible to construct from these solutions an (M, g)-eventually
periodic controller, where h < M < N, as suggested by
Part (i) of Proposition 10. Note that generally we seek a y-
admissible synthesis, namely one that guarantees closed-loop
stability as well as the norm condition ||w — z|| < y for some
y. Clearly, a y-admissible synthesis for Gs is a l1-admissible
synthesis for ga, where Q’a has the same realization as Gs
except that C]S = _Cls’ Clp = —Clp, D11 = _Dlla and

D = ;Dlz, and so, the previous synthesis results are still
applicable in this case. Furthermore, by employing the Schur
complement formula, it is possible to ensure that the synthesis
conditions are also linear in y (or 2 as in Farhood and Dullerud
(2005, Problem (16))) and hence transform the synthesis
feasibility problem into a convex optimization one to find the
minimum y.

6. Example: Control of a two-thruster hovercraft

We now apply the NSLPV approach to control a two-
thruster hovercraft along an eventually periodic trajectory. This
hovercraft, shown in Fig. 1, floats on an air cushion caused by a
continuous air flow through a perforated sheet underneath it.
This causes the hovercraft to glide on an almost frictionless
surface. The two thrusters are positioned equidistantly from the
central axis of the craft, where L = 0.15 m. These thrusters
can only push in the forward direction, and each can exert a
force of at most 2.5 Newtons. Following are the translational
and rotational data for this system: mass m = 1.731 kg,
translational friction b; = 3.7 x 1073 N's /m, rotational friction
b, = 3.65 x 107* N's m/rad, and polar moment of inertia
T =2.36328 x 10~ 2kg m.

6.1. Nonlinear model and reference trajectory

Appealing to the free-body diagram in Fig. 1, the equations
of motion for the hovercraft are given by

mxX + bx = (uy + up) coso, (14)

my + by = (uy + uz) sin6, (15)
76 + b6 = (ur — uy)L. (16)

The next step is to design a feasible eventually periodic refer-
ence trajectory (x(t), y-(t), 6,(t)), and a corresponding refer-
ence input u, (1) = (u1,(t), uz-(¢)) achievable by the thrusters.
We assume that the control input is applied in discrete-time with
a sampling frequency of 20 Hz; namely for all integers k£ > 0
and i = 1,2, we have: u;(t) = u;rr € [0,2.5] forall kT <
t < (k4 1)T, where T = 0.05 s is the sampling period. We
choose the reference path to be of an elliptical nature: the finite
horizon path is part of an ellipse of semimajor axis equal to 1
and semiminor axis equal to 0.825, and the periodic path is also
an ellipse of semimajor and semiminor axes equal to 1 and 0.75
respectively. We can then easily parameterize the reference co-
ordinates in terms of the directed angle ¢, shown in Fig. 2. To
ensure that the reference input is achievable by the thrusters,
we choose ¢ (1) such that the angular speed ¢ is constant and
of reasonable magnitude (¢ = % rad/s) over the periodic part.
As for the finite horizon part, since we assume the hovercraft is
initially at rest, we choose ¢ (¢) to be a polynomial of third de-
gree Wthh connects to its periodic counterpart at a point where
¢ = 3 Z and ¢ = 0; this ensures a smooth transition between the
finite horizon and the periodic part. Specifically, x,(¢) and y, (¢)
are defined as follows:
1

X, = 0.825cos b (1 — 0.319375 cos> ¢)
Finite Horizon ) 5 \"2

(e10.225) |V =0825sine (1-0319375cos’ ¢ )

167 5 4w 2

P= T ! +3 2
X, = 0.75cos (1 — 0.4375 cos> ¢)

Periodic Part ) \—4
r€225,825) | =075sing (1-0.4375c0s ¢ )

¢:%(t—2.25)+7r.

1

2

In the sequel, given a function p(r), we use pi to denote the
value of p(r) at time k7. We now solve Egs. (14) and (15)
for 6, and uy, + uy-. As x,(¢) and y,(¢) are eventually peri-
odic, we only need to account for the finite-horizon first-period
truncations of these functions; clearly, the resulting functions
6,(t) and u,(t) will be eventually periodic as well. Since T
is sufficiently small, we may assume for simplicity that 6,
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Fig. 2. Reference eventually periodic path.

varies linearly in time over each interval [kT, (k + 1)T] for
k =0,1,...,164, ie. for kT <t < (k+ 1)T, we have
0,(t) = ax - (t —kT) + 6, x, where ai is a constant. Then, as u,
is constant in each interval (kT, (k 4+ 1)T), integrating (14) and

(15) over these intervals gives a; = % (arccotE — 9,,/() + 267”,
m (Yri+1 = Yrk) + br (Vrs1 — yrk)
Ulrk + U2rk = ak )
c0S Oy — COS Oy k41

m (Xr1 — Xrk) + br (Xrks1 — Xrk)
where £ = - - ,

m (yr,k+1 - yr,k) +b, (Yr,k+1 - yr,k)
6,0 = —m, and € is an integer chosen so that |a| is the min-

imum possible. Clearly, the function 6,(¢), as given above, is
not differentiable, and hence we cannot solve Eq. (16). To fix
this problem, we fit the data 6, x to a smoothing spline using the
matlab command fif, and then differentiate the resulting spline.
Afterwards, integrating Eq. (16) over each of the time inter-
vals (kT, (k+ 1)T) for k = 0,1,...,164, we can solve for
uyr — Uiy, and consequently u,, shown in Fig. 3. With the pre-
ceding approximations in mind, solving the differential Eqgs.
(14) and (16), given this reference input, would generate the
reference trajectory almost exactly over the finite horizon and
the first couple of periods, but, afterwards, the accumulating
approximation errors will slowly become significant and the re-
sulting trajectory would start deviating from the reference one.
This, however, is inconsequential in our case as we ultimately
seek to design a robust feedback controller.

6.2. NSLPV synthesis

First, we derive an NSLPV moglel. Define the state
column vector v (x,y,60,x,y,60), the input column

2115
1
E
=
= : ; i
0 25 5 7.5 10
time (sec)
1
E
=
-1 : ‘ .
-1 -0.5 0 0.5 1
X, (m)
vector u = (u1,up), and the associated errors v = v —
v, and u = u — u,. The Egs. (14) and (16) can be

equivalently written as v = f(v, u), where f(-,-) is defined
in the obvious way. We have V=0 — 0 = fv,u) —
f(r,u,;); it is easy to see that the nonlinear terms in
this equation are P; 1 »2=1 (uj cos @ — u;, cos6,) and
P % 21'2:1 (u; sin® — u;, sinf,). Then one choice for
parametrization is § = 6 6 — 6,. As we seek rational
dependence on the parameters, we have to approximate the
cosine and sine functions with Taylor polynomials, namely

m

5
cos(0 + 6,) ~ Zaiéi

cosh =
i=0
_ 0, _ ing, -
= cos6, — (sin6,)0 — CO; rg? 4+ S‘g_'r93
cost -, sinb, 5 ' '
- 5 -_
sinf = sin(@ +6,) ~ Zc,-e’
i=0
_ inf, - 9. _
— §ind, + (cos6,)d — S“; rg? _ "";_'reﬁ
sin6, -,  cosf, -5 . ’

Instead of truncating the Taylor series expansions for
these trigonometric functions, we may alternatively assign
parameters to the remainder terms as given by Taylor’s theorem,
and then use the Remainder Estimation Theorem to get bounds
on these additional parameters. In this scenario, the terms
sin@ and cos® would be equivalently written as polynomial
functions of the parameters. However, for all our purposes here,
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Fig. 3. Reference angle 6 and control input.

such a parametrization needlessly complicates the resulting
NSLPV model. Now, some algebra leads to

Py (0,00 + [v20,1) ¥200, 0],
Py~ p1(6, 00+ [p26.1) p2(6,0)]a,

_ 4 . - 5 .
where ¥1(0,1) = Zj:()’(j 0/, v20,1) = ijo)hj 0/,
5 4 qj 5 5 qj aj
- Cj -
k=M, Ej = Oand = My
As aresult, we get the continuous-time state-space equation:

v=A@6, )0+ B@, v, (17)

where A0, 1) and B(, 1) are equal to

03x3 I
by
00 wan] | m O 0
10,1 m
00 p@0) 0o and
0 0 0 o,
0 0 -
0 032
U2(0.1)  a(8,1)
,02(971) ,02(970 )
L L
L T A

respectively. Next, we formulate this equation in an LFT
framework. We will find the following notation convenient:

8T x M = Moy (I —8My1) 'S My + Mo,

where M = [M”M” ]

Our goal is to equivalently present state-space equation (17) in
the following LFT format:

U= AL (DD + A5, (1D + BS (D),
ac = AL v + AL, (0B + B§p(t)12, Be = Oa.

In (_)ther words,_ we need to write the matrix-valued functions
A9, t) and B, t) as

(18)

Ol><4 i ED
A@, 1) = 614 +| A2 | — G« [’;‘_f’?il]i b
Az 1Az O3xs (0353 13}
E, | E,
01><5 i FD
and B0, 1) = 015 * 8115’12 =015 * [If_f)f‘_x_']i(_)‘_'ff_ ,
B2 1B O3xs 1032

F I F

1],

whereEoz[O 01 0 O 0], Foz[l

K1 Ky K3 K4

Wi M2 W3 4|,
o 0O 0 O

E, =



M. Farhood, G.E. Dullerud / Automatica 44 (2008) 2108-2119 2117

by
0 0 xp —— O 0
"y
Ex=(0 0 "o 0 _t 0 ,
m
000 o o -
A
Ao A2 A3 A As Ao Ao
Fi=|& & & & &|, F= 5‘2 iz)
O 0 0 0 O L L
7 7

It is obvious from the preceding that the matrix-valued system
functions in (18) can be chosen as follows:

¢c _|An 0 c _ [An c |0
o R R (o3l B P

A, 1) =[Aa B,
Ags(t) = -A227 Bgs(t) = 322.

In order to simplify the discretization of the continuous-time
LFT model, and since the sampling period T is sufficiently
small, it is reasonable to assume that the scheduled parameter §
varies very slowly in time interval [kT, (k + 1)T) that its values
on this interval can be approximated by 8 = 6(kT). Then,
we can use zero-order hold sampling to obtain the following
discrete-time state-space equation:

Uk+1 = Ass .k Uk + Asp.kBe + Biskwk + Bos ki,

where Agx = Do ((k+ 1T, kT), P being the state
transition matrix associated with A{ (¢), vx = v(kT), Br =
BekT), Agpic = [GTVT ys ((k+ DT, 1) AS, (T)dT, Bigs =
DT @y ((k+ DT, 7) B, (1)de for i = 1,2, with B, =
[03x3 I3]" (i.e. the disturbances w are in the form of torques
as well as forces in the x and y directions, applied like the
input in discrete time with a sampling frequency of 20 Hz).
Alternatively, as proposed in Apkarian (1997), we can use a
bilinear transformation to obtain a discrete-time trapezoidal
approximation.

We assume that the parameter § = 6 is such that |§| < %.
Then, this bound is absorbed into the plant so that the new
scaled parameterg satisfies |8_ | <1, whered = %S. Also, due to
this scaling, we get A s = %A;S, App = %A;',p, Bip = %pr,
By = %Bg - We assume that the states x, y, and 6 are exactly
measurable, and as for the exogenous errors to be controlled,
we choose to equally penalize x, y, 6, i1y, and 5. Then, we
get the discrete-time (45, 120)-eventually periodic LPV model:

Br = Sowk, 18k| < 1,

Uk+1 Assk Aspk Bisk Bask | | Uk
a | _ Aps  App Bip, By Br (19)
2k Cis Cip Duu Di2 wi |’
Dk Cy  Cyp Dy Dnxp i

where w € {2, v(0) =0, Byp, Cip, C2p, D11, D21, Dy are all
zero matrices, and C1y = diag(/3, 02x3),

CZS = [13 O3><3] s D12 = [02><3 12]* .

The LFT formulation has significantly increased the model
dimensions; we now have six states as well as nine copies of

the parameter 8. Clearly, a model reduction theory for such LFT
models is important, and this is treated in-depth in Farhood and
Dullerud (2007). In this case, however, since the minimality
theory for transfer functions in a single complex variable is
identical to that for rational functions in a single real variable,
we can reduce the model dimensions pointwise in time at no
cost. Specifically, appealing to (19), we have

i Sidow |-Amife B B ) [0
Vk+1 = A\'p.k :A.w,lc Bls.k BZ.s'.k Wk | »

i

H ()

and so, at each k, we can reduce the dimensions of the model
by eliminating any uncontrollable or unobservable states of the
real variable “transfer function” H (Sk), and hence obtaining
the minimal realization of M (3¢). Doing so, we end up with a
reduced LFT model with six states and five copies of § at each
time instant.

Appealing to Corollary 11 and its subsequent discussion, we
can solve for a ymin-admissible (45, 120)-eventually periodic
LPV synthesis K3, where ymin is the minimum achievable y by
such a synthesis. Using SeDuMi (Sturm, 1999), we find that,
in this case, Ymin = 2.57, whereas in the counterpart LTV
case (i.e. no parameters) its value would be about 2. Clearly,
as the bound on the parameter 0 decreases, the value of Ymin
potentially decreases too, but it may not in general converge to
the corresponding LTV value.

6.3. Simulation

Note that it is not possible to tackle this control problem
using a stationary approach; this is mainly due to the restrictions
on the control input. Specifically, it is not difficult to show
via counter examples that the LTI model, obtained from
linearizing the nonlinear system equations about any stationary
point, is not asymptotically stabilizable by nonnegative control.
Hence, a nonstationary approach is necessary in this case.
The NSLPV controller turns out to be quite robust in the
presence of significant model uncertainties even though this
is not deliberate by design. This robustness is probably
due to the NSLPV model formulation and the fact that the
NSLPV controller is designed to work for all permissible
parameter trajectories. To elaborate, suppose we increase the
mass and inertia of the hovercraft by 50%, and subject
this vehicle to iid disturbances, generated by the matlab
function rand; these disturbances correspond to forces in
the x and y directions, namely Fyx and Fy, as well as
torques 7, applied on the hovercraft in discrete-time with
a sampling frequency of 20 Hz, such that |Fyil, [Fyl =<
1 N and |7¢] < 0.075 Nm for all integers k > 0. We
find that, despite these disturbances and significant model
uncertainties, the NSLPV controller still manages to force the
hovercraft to track the trajectory rather closely, as shown in
Fig. 4. Movies of this simulation and others can be found at
http://legend.me.uiuc.edu/"mazen/NSLPVcontrol/.
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Fig. 4. NSLPV simulation (dashed curves correspond to reference).

7. Conclusions

This paper gives results for the control of nonstationary
LPYV systems, which are analogous to those for stationary LPV
systems. The motivation for this work is a systematic method
for gain scheduling of systems controlled along prespecified
trajectories. In this context a benefit of using a nonstationary
model is to reduce the conservatism introduced when capturing
the behaviour of a nonlinear system in an LPV model.
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